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Abstract 
This paper provides an overview of quantile and unconditional quantile models, along with 
a detailed examination of the Percentile Weights Regression (PWR) method introduced by 
Araar (2016). These models aim to estimate coefficients tailored to specific percentiles, 
utilizing either the ranking of the dependent variable or its predicted component. This 
approach is essential because the influence of explanatory variables on the outcome can 
exhibit variability across different outcome levels. For instance, the impact of a social 
assistance program may differ depending on the level of well-being. Quantile regression 
models serve as valuable tools for revealing and illustrating such heterogeneous effects. 
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I. Models and Methodologies 

1.1 The quantile regression 

Quantile regressions (henceforth QR) aim to evaluate how the conditional quantiles, 

𝑄!(𝑌|𝑋) = inf+𝑦: 𝐹"|$(𝑦) ≥ 𝜏1, are affected by variations in the determinants, 𝑋 ∈ 𝑅%, of the 

outcome of interest. The definition of a quantile is: 𝑞!(𝑌) = inf 	{𝑦: 𝐹"(𝑦) ≥ 𝜏}. In other words, 

it is the lowest element (𝑦) of the random variable 𝑌 among the elements that make the 

cumulative distribution function, 𝐹"(𝑦), greater than or equal to the percentile of interest, 𝜏. 

Another general formula for estimating the quantile is as follows: Formally, let: 

 

𝜌!(𝜇) = (𝜏 − 𝐼[𝜇 < 0])𝜇  and 𝜇 = (𝑦 − 𝑏) (1) 

Thus, we have that:  

 

𝜌!(𝜇) = /
(𝜏 − 1)(𝑦 − 𝑏)			if				𝑦 < 𝑏
(𝜏)(𝑦 − 𝑏)												if				𝑦 ≥ 𝑏 (2) 

 

It is worth noting that, for any given value of 𝑏, the following relationship holds: 

 

E [𝜌!(𝜇)] =𝜏(1 − 𝜙")6𝜇#$" − 𝑏7 + (𝜏 − 1)(𝜙")(𝑏 − 𝜇#%") (3) 

 

where 𝜙& is the proportion of the population with	𝑦 < 𝑏. As we can deduce, E [𝜌!(𝜇)]  

reacts its minimum where	𝑏 = 𝑞!.  

𝐸[𝜌!(𝜇)|𝜏 = 𝜙"] =𝜏(1 − 𝜏)6𝜇#$" − 𝜇#%"7 (4) 

 

For instance, if the percentile of interest	𝜙& = 0.5, and we wrongly select 𝑏 =

min(𝑦)	(𝜏 = 𝜙& = 0) or max(𝑦) (𝜏 = 𝜙& = 1), we can compare between the three following 

cases:  

 

𝐸[𝜌!(𝜇)|𝑏 = 𝑦'()] 	≈ 0.50	(𝜇* − 𝑦'()); 

E [𝜌!(𝜇)|𝑏 = 𝑦'+,] 	≈ 0.50	(𝑦'+,); 

E[𝜌!(𝜇)|𝑏 = 𝑞!]		=		0.25	K𝜇*-'./(+) − 𝜇*0'./(+)L 
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Thus, minimizing 𝐸[𝜌!(𝜇)]  implies that: 𝑏 = 𝑞! . The general form for the estimation of 

the quantile becomes: 

 

𝑞<! = argmin":C
1
𝑛

&

'()

𝜌!(𝑦' − 𝑏) 
(5) 

 

For the simple linear quantile regression, we have that: 

𝛽F! = argmin*:C
1
𝑛

&

'()

𝜌!(𝑦' − 𝑋𝛽) 
(6) 

 

Thus, in this case and where the predicted component gives	𝑋𝛽N! ≈ 𝑞O!, the estimated 

parameters can be interpreted as the impact of covariates of 𝑋 on the outcome at percentile 

𝜏.	  

 

In this case, where the predicted component gives 𝑋𝛽N! ≈ 𝑞O!, the estimated parameters 

can be interpreted as the effect of the covariates in 𝑋 on the outcome at the percentile 𝜏." 

 

 

 

1.2 The Unconditional Quantile Regression  

Fripo et al. (2009) proposed a new model to address the limitations of conditional 

estimates in QR, as practitioners are often more interested in understanding the impact of 

explanatory variables on the unconditional distribution of the outcome. With the QR model, 

we estimate the coefficients as follows:  

 
𝛽! = (𝐹+)(𝜏|𝑥 + 𝑑𝑥) − 𝐹+)(𝜏|𝑥))/𝑑𝑥 (7) 

 

It is important to note that in quantile regression, the ranking of the predicted 

component may differ from that of the outcome, especially when considering changes in x, 

such as a dummy variable that varies directly from 0 to 1. However, unconditional quantile 

regression (UQR) overcomes this limitation by focusing on the impact of explanatory variables 

on the unconditional distribution of the outcome. With UQR, the relationship between 𝑥 and 

the outcome is estimated while accounting for the entire distribution of the outcome variable, 



3  

rather than only specific quantiles. This provides a more comprehensive understanding of the 

impact of x on the outcome variable across the entire range of its distribution.  Indeed, with 

the UQR regression, we have that: 

𝛽! =
𝜕𝑞!(𝑝)
𝑑𝑝

𝜕𝑝
𝑑𝑥 =

(𝑃𝑟[𝑦 ≥ 𝑞!|𝑥 + 𝑑𝑥] − 	𝑃𝑟[𝑦 ≥ 𝑞!|𝑥])/𝑓#(𝑞!) 
(8) 

The latter expression is tightly related to what is known as the Influence Function (IF), 

which quantifies the impact of an observation on the estimation of the parameters in the 

regression model. The Influence Function plays a critical role in the development of robust 

estimation techniques, as it allows us to identify influential observations that may have a large 

impact on the estimated coefficients. The Re-centered Influence Function (RIF) is a modified 

version of the IF that accounts for the influence of the entire sample on the estimation of the 

parameters, rather than just a single observation.  The RIF is defined as follows:  

 

𝑅𝐼𝐹6𝑦; 𝑞!; 𝐹#7 = 𝑞! +	(𝜏 − 	𝐼[𝑦 ≥ 𝑞!|𝑥])/𝑓#(𝑞!) (8) 

 

It is worth noting that the RIF is a statistical tool originally used in robust statistics to 

reduce the impact of outliers on estimators. It modifies the traditional influence function by 

subtracting the influence of the data point in question from the overall function. This re-

centering helps to make estimators more robust by down weighting influential observations. 

The RIF is vital for identifying and mitigating the influence of outliers in data analysis. It is 

particularly useful in situations where extreme values can distort the results of statistical 

estimators. Overall, the RIF enhances the reliability of estimators in the presence of non-normal 

data distributions or outliers, making it a valuable tool in robust statistical analysis. Recentered 

influence functions (RIFs) are statistical tools popularized by Firpo et al. (2009) for analyzing 

unconditional partial effects on quantiles within a regression analysis framework, particularly 

in the context of unconditional quantile regressions. Mises, R. (1947): a specific distributional 

statistic and the IF function. The RIF can be conceptualized as a linear approximation of 

nonlinear distributional statistics. The flexibility and simplicity of these tools have broadened 

the scope of analysis, making it possible to extend their application to other distributional 

statistics through linear regressions or decomposition approaches (see Rios-Avila (2020) for 

more details).  

 



4  

1.3 The Percentile Weights Regression  

For practitioners, the main aim of using quantile regression models is to assess the 

influence of explanatory variables on outcome for a group of the population with outcomes 

around quantile of interest. Based on this, it is natural that the observations of this specified 

group of the population should contribute the most to the prediction of the model.  

 

With the new proposed PWR model, the basic idea is to attribute large weights for the 

observations with levels of dependent variable close to the quantile of interest and low weights 

for those with far levels.   An easy way is to start by estimating a Kernel distribution around the 

percentile of interest. Of course, the level of the bandwidth can control for the importance 

attributed to the observations around of the percentile of interest. In our illustrative examples, 

the optimal bandwidth, suggested by Silverman (1986).   Thus, the steps of the PWR model 

are: 

Generating the percentiles of the dependent variable. 

Estimating the Gaussian Kernel density around the percentile of interest. These 

densities are what we call the percentile weights. 

Running a weighed OLS regression with the percentile weights.  

 

Chronologically, the percentile weights regression was initially proposed in the 

technical note by Araar (2016). However, other authors have also suggested using a similar 

approach reweighting approach, even in slightly different applications, albeit with different 

terminology, such as the reweighting method in Fripo et al. (2018).  

 

 

 

 
II. Investigations with Artificial Data  

2.1 Univariate Artificial Examples 

Mainly, to explore the consistency of estimated coefficients with the different 

presented models, artificial data examples are constructed, and for which the true values of 

coefficients are assumed to be known without regressions or estimations. For instance, let 𝑥 



5  

be a random variable, and simply:		𝑦 = 2𝑥. The relevant models must give a coefficient of 2 to 

the explanatory variable	𝑥. For instance, this will be the case by using the OLS model, or even 

by using the QR model regardless the percentile of interest.1 

 

Let 𝑥1 be an explanatory variable and 𝑦  a dependent variable generated with Stata as 

follows: 

 

 
 
 

Assuming that the percentile of interest is τ=0.15 and that the normalized expected 

change in the dependent variable between percentiles 0.149 and 0.151 is used as a proxy for 

the numerical derivative of Y with respect to 𝑥1, we can estimate the local change in Y with 

one unit change in 𝑥1	as: 

∆𝑦/∆𝑥1 ≈ (0.151*150 - 0.149*148) / (150-148) ≈	0.299 

 

In general, we will find for this artificial example that the numerical derivative is equal 

to:	 2*
2,!
S
%3!

= 	2𝜏		∀𝜏. Thus, in this artificial example, we have a clear idea of the accurate level 

of the coefficient of 𝑥1. The reasonable question that can be raised at this stage is: Does each 

of the three presented models estimate this coefficient accurately at different percentiles? 

Furthermore, how can one determine the true value of the coefficient for the rest of the 

artificial examples? 

Two methods are proposed to assess the true values of coefficients for a given 

percentile of interest: 

 

 
1 The Stata do files of all examples can be downloaded from:  
   http://dasp.ecn.ulaval.ca/Araar_Note_June_2016_Ill_Exam/illustartive_examples.html 
 

Artificial Example A1 

#delimit cr 
set seed 1234 
clear 
set obs 1000 
gen     x1 = _n-1 
gen     p  = _n/1000 
gen      y =  1000 + p*x1 + 0.00001*uniform()  

http://dasp.ecn.ulaval.ca/Araar_Note_June_2016_Ill_Exam/illustartive_examples.html
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The first method consists of using the numerical derivative (command dydx of Stata). 

The second method is by using the locally nonparametric regression derivative, which 

is already available in DASP. 

Table 1 and Figure 1 show the results of the estimated coefficient for different 

percentiles of interest, and this, by using the different methods.  Note that, for the QR model 

the Stata qreg module is used, while for UQR the rifreg Stata command is used. 

 

Table 1: Estimated coefficients: Example A 
 

Percentile 
of interest 

True 
Value 

QR UQR PWR 

0.05 0.1 1 0.06 0.12 
0.15 0.3 1 0.21 0.3 
0.25 0.5 1 0.56 0.5 
0.35 0.7 1 0.95 0.7 
0.45 0.9 1 1.34 0.9 
0.55 1.1 1 1.63 1.1 
0.65 1.3 1 1.77 1.3 
0.75 1.5 1 1.69 1.5 
0.85 1.7 1 1.3 1.7 
0.95 1.9 1 0.54 1.88 

Figure 1: Estimated coefficients: Example A1 

 
 

Surprisingly, only the new proposed method (PWR) seems to have consistent estimates, 

and this based on the expected true values of the coefficient.  Obviously, among the questions 

that can raise is: Why the QR model gives a constant coefficient for 𝑥! that is equal to one? 

This result is not strange for the QR model because of the form of the artificial example. Mainly, 

for QR models, and when the predicted outcome takes the form:	𝑞"(𝑌|𝑋) = 𝐶" + 𝛽𝑋		∀𝜏 ∈

[0,1], and with the assumption of homoscedastic error term: 𝑉(𝜀|𝑋) = 𝜎#, the data 

corresponds to the case of: constant translation model with homogenous slops. In this case, 

only the constant coefficient (𝐶") changes with the change in the percentile of interest	𝜏 (See 

also P. Givord & X. Dhaultfoeuille, 2013).  For the artificial example A, we can write: 𝑦 ≈ 2000 +

𝑝𝑥! = 2000 + 1 ∗ 𝑧!; and 𝑧! =
$!"

!%%%
.  As a first discovery, the QR model absorbs from estimated 

coefficients the explanatory rank component. This component is based on the explanatory 

part that is related to the correlation between the rank of the dependent and those of the 

independent variables.   Indeed, in empirical works, there are a lot of cases for which the 

marginal impact can increase with the level of the independent variable. As an example, one 

can think on the impact of the level of investment and the economies of scale of the firm on 

its level of performance.   

0
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Figure 2: Estimated coefficients: Example A2 

 
 

As we can observe starting from results of example A2, the slope is equal to one for 

the different curves, and where each of them lies the 𝑥! to the predicted outcome. This also 

corresponds to: &'(#
&"

&"
&$!

.   

In the next data example, there is no correlation between the explanatory variable (𝑥!) 

and the percentile variable, which corresponds to what is known as the scale translation model 

(see P. Givord & X. Dhaultfoeuille, 2013). In this case, the coefficient of 𝑥!starts to become 

equal to 𝜏. 
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Artificial Example A2 

#delimit cr 
set seed 1234 
clear 
set obs 1000 
gen     x1  = _n-1 
gen     p   = _n/1000 
gen      y  =  2000+ p*x1 + 60*uniform()  
qreg y x1, quantile(0.1) 
predict  q_1 
qreg y x1, quantile(0.2) 
predict  q_2 
qreg y x1, quantile(0.8) 
predict  q_3 
qreg y x1, quantile(0.9) 
predict  q_4 
line q_* x1,legend(order(1 "p=0.1" 2 "p=0.2" 3 "p=0.8"  4 "p=0.9" )) 
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Figure 3: Estimated coefficients: Example A3 

 
 
 
 
 
2.2 QR, Low Percentiles and Biased Estimates 

 
At this stage, it is important to discuss how estimates at low percentiles of interest can 

depend on the true impact at higher percentiles. To demonstrate this clearly, let us consider 

the artificial example where the true value of the coefficient is always 0.8 when the percentile 

of interest is lower than 0.5 and 1.2 otherwise.   The values of 𝑥! are equal to _n (or: 1, 2, 3…, 

etc.).  
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Artificial Example A3 

#delimit cr 
set seed 1234 
clear 
set obs 1000 
gen     x1 = uniform()*1000 
gen      p = _n/1000 
gen      y = 2000+ p*x1 + 60*uniform()  
qreg y x1, quantile(0.1) 
predict  q_1 
qreg y x1, quantile(0.2) 
predict  q_2 
qreg y x1, quantile(0.8) 
predict  q_3 
qreg y x1, quantile(0.9) 
predict  q_4 
line q_* x1, legend(order(1 "p=0.1" 2 "p=0.2"  3 "p=0.8"  4 "p=0.9" ))  
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Using the QR regression model, we observe that it overestimates the estimated 

coefficient for low percentiles and is close to the true value for higher percentiles (see the red 

line in Figure 4). Why is this the case? Assume that the QR algorithm gives an accurate level 

of the coefficient (i.e., 0.8) for the percentiles between 0.0 and 0.5. The generated error with 

this coefficient will be high for observations with higher percentiles (above 0.5). Specifically, it 

is approximately equal to 0.5 ∗ (0.8 − 1.2) ∗ 𝜇$!
∗   and 𝜇$!

∗    is the average 𝑥! for observations 

between 501 and 1000. The expected value of the absolute error will be about 

0.5*0.4*750=150. Instead of this, the QR algorithm can reduce the error when the disturbance 

is high. For instance, if the algorithm gives a coefficient of 1.2 for the percentile of interest 0.2, 

the expected error is reduced to 0.5*0.4*250=50. This fact explains why QR estimates can be 

biased in the presence of heteroscedasticity. 

What if we reduce the disturbance of the observations at the highest values of 𝑥!? In 

Data 2, the values of the explanatory variable are like those of Data 1 for percentiles between 

zero and half. For the second half, the values of x_1 have changed from (501, 502, ..., 1000) to 

(500.02, 500.04, …, 510). Obviously, the 𝑦 rank remains the same, as well as the true values of 

coefficients. As expected, for the lowest percentiles, the QR algorithm starts to give better 

results until the percentile of 0.25. This is because the algorithm starts to estimate low errors 

for the second half group, and when it gives the true coefficient 0.8. As a last investigation, 

we show how the QR model estimated the coefficient well when we weigh the QR model by 

the inverse of the absolute distance between the dependent variable and the quantile of 

interest:1/abs(y − q(τ)). As we can observe, when less importance is given to the errors that 

are far from the percentile of interest, the estimated coefficients are more accurate. Note that 

this method is simply for illustration, and it is not tested for general models. 
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Figure 4: Estimated coefficients: Example A4 

 
 
 

Now, it may be helpful to discuss in part the difference between the PWR and the QR 

models. The coefficients of the PWR model are interested to assess exactly:  &*
&$
S
+,"

. Thus, with 

this model, we can avoid the influence of correlation between ranks of the explanatory 

variables and the predicted component. The percentile of interest must depend on the ranks 

of the dependent variable and not on the ranks of the predicted component or explanatory 

variables. Furthermore, the predicted component for the observations that are far from the 

percentile of interest will not influence the estimated coefficients. It is important to note that 

we cannot claim that a statistical approach or model is wrong unless it fails to estimate what it 

intends to estimate. Therefore, it is recommended to exercise caution when interpreting the 

coefficients of the QR mode.   
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Artificial Example A4 

#delimit cr 
set seed 7777 
clear 
set obs 1000 
 
/*DATA1*/ 
    gen x1  = _n 
    gen y1  = 20+ 0.8 * x1 if p <= 0.5 
replace y1  = 20+ 1.2 * x1 if p >  0.5 
 
/*DATA2*/ 
    gen  x2 = _n            in   1/500 
replace  x2 =  500+_n/100    in 501/1000 
    gen  y2  = 20+ 0.8 * x2  if p <= 0.5 
replace  y2  = 20+ 1.2 * x2  if p >  0.5 
 
gen p=_n/1000 
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2.3 Multivariate artificial examples 

At this stage, we propose to partially increase the complexity of the artificial examples 

by introducing another explanatory variable, 𝑥#, that may be partially correlated with 	𝑥!. 

What is the trick to assess the true value of the coefficient of 𝑥! when 𝑥#	or a set of 

other covariates are included in the model? Remember that, for the locally linear 

nonparametric approach, we cannot use more than one explanatory variable.  This is also the 

case for the numerical derivative approach. To overcome this difficulty, it is suggested the 

following trick:   

Estimate the model with both explanatory variables 𝑥! and 𝑥#. 

Remove the effect of 𝛽#𝑥#	from the dependent variable. 

Perform a nonparametric regression of the residual (i.e., (𝑦 − 𝛽#𝑥#) on	𝑥!. 

 

 
Figure 5: Estimated coefficients: Example B1 
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Artificial Example B1	
#delimit cr 
set seed 1234 
clear 
set obs 1000 
gen     x1  =  3* _n^1.1 
gen     x2  = _n-1 
gen     p   = _n/1000 
gen income  =  1000 + 0.3*x1+ p*x2 + 0.00001*uniform() 
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As we can see, even with multiple explanatory variables, the new proposed PWR 

method continues to perform well (see Figure 5). Next, we present another example where 

the relationship between 𝑥! and the dependent variable is not fully linear (see Figure 6). 

 
 

Figure 6: Estimated coefficients: Example B2 
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Artificial Example B2	
#delimit cr 
set seed 1234 
clear 
set obs 1000 
gen     x1 = -(_n-1)^0.5 
gen     x2 =  20* _n^2 
gen     p  = _n/1000 
gen     y  =  1000 + x1+ p*x2 + 0.00001*uniform() 
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2.4 QR Model with Optional Ranking Variable 

The approach proposed in this note aims to estimate an accurate unconditional quantile 

regression model with an easily interpretable coefficient, including cases where the ranking 

variable differs from the dependent variable. For this purpose, we suggest a simple method of 

ranking the observations based on the desired ranking variable, such as 𝑥! or any other variable 

that is not included in the model, and then applying the PWR model. The results of example 

B3 are displayed in Figure 7. 

 
 

Figure 7: Estimated coefficients: Example B3 
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Artificial Example B3 

#delimit cr 
set seed 1234 
clear 
set obs 1000 
gen     x1 = -(_n-1) 
gen     x2 =  3* _n^1.5 
sort    x2 
gen     p  =_n/1000 
gen     y  =  1000 + px1+ x2 + 0.00001*uniform() 
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2.5 QR Model and Dummy Variables 

 
At this stage, we focus on the consistency of coefficients of dummy explanatory 

variables. Specifically, for the artificial example, we assume that the treatment variable is a 

dummy variable. Furthermore, we assume that for each percentile of interest, we have a 

population group that represents this percentile. Within each percentile group, some 

individuals are treated (dummy variable=1) and the rest are not treated (dummy variable=0). 

With a sample size of 4000 observations, percentiles with a precision of 1/200 will be used. 

The first 20 observations represent an approximation of p=1/200, the next 20 observations 

represent the percentile p=2/200, and so on. Therefore, we have 200 percentile groups. For 

simplicity, we assume that within each percentile group, 10 observations are treated and 10 

are not treated. As we can observe in the Stata code of example C1, the impact of the 

treatment can be summarized as follows: 

 

• 10 if p is between 0.0 and 0.2; 

• 20 if p is between 0.2 and 0.4; 

• 26 if p is between 0.4 and 0.6; 

• 32 if p is between 0.6 and 0.8; 

• 44 if p is between 0.8 and 1.0. 
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Table 2: Estimated coefficients: Example C 

 
 

As we can observe, the PWR method continues to produce more consistent estimates 

even in the case of a dummy variable (treatment). However, we can add the following remarks 

for the QR model. First, the estimate of the QR regression becomes equal to the true values 

only when the treatment variable is the only explanatory variable of the model. Introducing 

other variables can affect two things: 

 

Percentile of 
interest 

True 
Value 

QR UQR PWR PWR: low 
bandwidth 

0.05 10 36.44 67.55 10.47 10.07 
0.15 10 35.46 136.26 11.46 10.21 
0.25 20 33.53 202.15 22.45 20.35 
0.35 20 32.20 243.24 23.49 20.49 
0.45 26 34.96 257.69 30.49 26.63 
0.55 26 33.56 248.34 31.43 26.77 
0.65 32 30.28 218.32 38.47 32.91 
0.75 32 29.02 171.05 39.41 33.05 
0.85 44 26.65 109.90 52.40 45.19 
0.95 44 24.23 43.12 53.44 45.33 

Artificial Example C1	

#delimit cr 
set seed 1234 
clear 
set obs 4000 
 
gen     x1 =  3*_n^1.2 
gen     x2 = (_n-1) 
gen     v  =  int((_n-1)/20)+1 
gen     p  =  min(1,v/200) 
 
gen treatment = . 
local     cho = 1 
 
forvalues i=1(10)4000 { 

   local j=min(`i'+10, 4000) 
   dis `i' "  " `j' 
   replace treatment=( `cho' == 1 ) in `i'/`j' 
   local cho = `cho'*(-1) 

            } 
gen         x3 = treatment *10 if p>=0.0 & p<=0.2 
replace     x3 = treatment *20 if p> 0.2 & p<=0.4 
replace     x3 = treatment *26 if p> 0.4 & p<=0.6 
replace     x3 = treatment *32 if p> 0.6 & p<=0.8 
replace     x3 = treatment *44 if p> 0.8 & p<=1.0 
 
gen         y  =  1000 + x1+ p*x2 + x3+  0.00001*uniform() 
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1. The predictive power of the treatment variable, especially if it is correlated with the other 

covariates. 

2. More importantly, the marginal impact on the distribution of the conditional quantile 

when the other explanatory variables are held constant. In our artificial example, the 

impact of treatment was designed to not change the rank of the dependent variable. 

 

 

 

 
2.6 Predictive Power of the Model and QR models 

At this stage, we will explore another important issue that concerns the predictive 

power of the model. However, before delving further, it is important to answer the following 

question: Is the predictive power around the percentile of interest more important than that 

of the global model without focusing around the percentile of interest, such as simple OLS? 

 

Let's assume that for the first median group (p: 0 to 0.5), the model perfectly fits the 

outcome, while for the rest (p: 0.5 to 1), the predictive power is practically negligible. 

 

• If the percentile of interest is 0.25 and the predictive power of the model is high 

between percentiles 0.24 and 0.26, we may be interested in a local regression 

with a lower bandwidth to better estimate the coefficients of the model around 

the percentile of interest. 

• On the other hand, if the predictive power of the model between percentiles 

0.24 and 0.26 is very low, we may be interested in giving more importance to 

the observations that are relatively far from 0.25 to reduce the sub-sample bias. 

For instance, we may consider the observations for percentiles between 0.2 to 

0.3 and increase the level of the bandwidth accordingly. 
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Figure 8: Estimated coefficients: Example D1 

 

 
 

As a rule, one can start by estimating the local model (keeping observation between 

𝜏 − 0.01 and 𝜏 + 0.01 -𝜏	is the percentile of interest-), and then select an appropriate 

bandwidth that can have an inverse relationship with for instance the R2 of the first local 

estimation.  The proposed PWR approach is implicitly based on this idea.   

For the illustrative artificial example, we will control the level of the predictive power of 

the model by changing the importance of the added random component.  As we can observe 

from Figure 7, the PWR approach continues to show better performance for the consistency 

of the estimated coefficients.  
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Artificial Example D1  

#delimit cr 
set seed 1234 
clear 
set obs 1000 
local A    = (`i'*10) 
/*i varies from 1 to 10: it can control the predictive power of the model */ 
 
gen      x1   =  `i'* _n^0.8 
gen      x2   = (2.5- 0.5*`i'*uniform())*_n 
gen      y    = 100+x1+_n/100*x2+uniform()*`A' 
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2.7 A Monte Carlo Simulation 

To strengthen the validity of our results and avoid any sensitivity issues with the 

extreme distributions of the drawn sample case, we use a Monte Carlo simulation.  Indeed, 

Monte Carlo simulation is a powerful tool for evaluating the sensitivity of statistical analyses to 

outliers or unusual observations. In traditional statistical analyses, extreme or unusual samples 

can have a large influence on the results, potentially leading to biased estimates or inflated 

measures of precision. Specifically, we perform 1000 replications, where each replication 

involves drawing a sample of 4000 observations and estimating coefficients at different 

percentiles using various approaches. Our model assumes a linear relationship between the 

response variable (y) and two predictor variables (𝑥!  and 𝑥#)) as follows:  

 
𝑦 = 𝑐 + 𝛽)(𝑟)𝑥) + 𝛽,𝑥, + 𝜀 (9) 

 

We assume that the independent variables 𝑥!	and 𝑥# follow close normal distributions 

as: 

𝑥) = 			0.2𝑟-./ + 𝑧: ℵ(1,1) 

𝑥, = 																						𝑧: ℵ(2,2) 

(10) 

(11) 

 

The coefficient 𝛽(𝑟)!	varies according to 𝑟, which denotes the ascending rank 𝑥!	of as:  

 

𝛽)(𝑟) = (((𝑟 − 1), + (𝑁 − 𝑟),)/(10𝑁))-./, 
(12) 

 

where 𝑁 denotes the number of observations. This resulting in a U-relationship 

between the effect of 𝑥! and the percentiles (or 𝑦). The other coefficients are set to 𝛽# = 2 

and 𝑐 = 10. We assume that the error term 𝜀 follows a normal distribution as: 𝜀 = 𝑧: ℵ(0,1).  

For each of the ten percentiles (0.05, 0.15, ..., 0.95), we store estimates of the statistic Average 

Treatment Effect (ATT) from each of the 1000 Monte Carlo replications. Figure 8 presents the 

95% confidence interval of the estimates of each approach. Our findings suggest that 

estimates are more consistent using the PWR approach. Regardless of the method used, the 

estimated values are more robust for percentiles closer to the middle. 
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Figure 9: Results of basic case of the Monte Carlo simulation 

 
 

Distribution of covariates and estimates 

Although the basic assumption is that the exogenous variables follow a normal 

distribution, in real-life situations with empirical data, explanatory variables may not be 

normally distributed. When we use an example like that of the Monte Carlo simulation, we find 

that if the exogenous variables are quasi-perfectly normally distributed, the results of the PWR 

and unconditional regression models converge (see case 1 and Figure 10). However, the 

results of the unconditional regression model are not fully accurate when the distribution is 

not fully normal (see case 2 and Figure 11). Thus, it appears that the PWR approach gives 

better results even in cases of non-perfect normal distribution of the independent variable of 

interest. 

 
Case 1: 

• 𝑥! = 			𝑧: ℵ(1,1), 𝑥# = 		𝑧: ℵ(1,1), 𝜀		 = 		𝑧: ℵ(0,1) 
• 𝑦 = 𝑐 + 𝛽!(𝑟)𝑥! + 𝛽#𝑥# + 𝜀	 

• 𝑐 = 10, 𝛽!(𝑟) = h(./!)
$1(2/.)"

!%2
i
%.4
, 𝛽# = 2 
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Figure 10: Results of Case 1 of the Monte Carlo simulation 

 
 

Case 2: 

• 𝑥! = 		0.4 ∗ 𝑟%.4(𝑧: ℵ(1,1) 
• 𝑥# = 		𝑧: ℵ(1,1), 𝜀		 = 		𝑧: ℵ(0,1) 
• 𝑦 = 𝑐 + 𝛽!(𝑟)𝑥! + 𝛽#𝑥# + 𝜀	 

• 𝑐 = 10, 𝛽!(𝑟) = h(./!)
$1(2/.)"

!%2
i
%.4
, 𝛽# = 2 

Figure 11: Results of Case 2 of the Monte Carlo simulation 
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III. Conclusions 

 

Based on the investigations conducted in this paper, we can conclude that: 

Our analysis shows a need to improve the models for the consistency of the estimated 

coefficients of percentile/quantile models. 

Even with the limitations of the exploratory approach used in this note, the raised 

remarks can incite other econometric researchers to better develop the percentile regression. 

The conducted explorations show the limitations of the usual QR and UQR models to 

estimate consistent percentile coefficients. This may be related to the complexity of the 

interpretation of coefficients of QR models, which the conditional distribution (for instance, 

see porter (2015)). Practitioners use QR regression to show the heterogeneity of the impact of 

the independent variables, but they omit to consider that this impact is based on the 

conditional distribution ranking (i.e., 𝑞O"(𝑦|𝑋)   and not simply on the	𝑞O"(𝑦)). 

When the desired statistics are related to the model that can predict the impact of a 

set of explanatory variables for a predetermined percentile group on the outcome, the PWR 

method shows its relevance. However, we do not advocate for bad specifications when the 

QR or UQR models are used. We must keep in mind that each model estimates distinct 

statistics, and in some data cases, the models become similar. 
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